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PREFACE

The work described in this report was authorized under Project No.
1L161102A71A and Contract No. DAAK11-81-K-0003.

This work was started in
June 1981 and completed in August 1984,

The use of trade names or manufacturers' names in this report does not
constitute endorsement of any commercial products.

This report may not be
cited for purposes of advertisement.

Reproduction of this document in whole or in part is prohibited except
with permission of the Commander, U.S. Army Chemical Research and Development
Center, ATTN:

SMCCR-SPD-R, Aberdeen Proving Ground, Maryland 21010-5423.
However, the Defense Technical Information Center and the National Techanical

Information Service are authorized to reproduce the document for U.S. Govern-
ment purposes.

This report has been approved for release to the public.
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SLECTROMAGNETIC SCATTERING PROPERTIES OF FINITE
CYLINDERS AND SPHEROIDS

L. INTRODUCTION

This report describes the work done and the progrzss made 1ia datermiaing
the alactromagnetic (&M) scatteriag propertlias of small noa-spherical
particles. In particular, the purpose of the contract was to extend and
avaluate the modified Shifrin integro-differantial aquation solutionl to the M
scattering by fianite cylinders and spharoids. These solutioas are then used in
formulating an analytic tool for the ifavastigation of multiple scatteriag by
aon~spherical particles.

The solutions for scatteriang by finite cylinders aad spheroids developed
by C. Acquistaz have bDeen generalized to allow for arbitrary polarization of
the facident EM radlation, polarizatioa scattsrad diractions3 aad arbitrary
orieatations of tha scattariag particles. A number of comparisons with "exact”
theory4 have beea daveloped to determine the range of applicability of the
aodified Shifeind approach. Ye have, 1in addicion, developed iatarnal
alactrostatic solutions for short cylinders 30 that the Shifrin methodd may be
used to compute the scattering by such partizlas.

A very datailed, 3eneral, double scatteriag problam has beea analyzed and
computations performed for Jouble scattering froa randoaly oriented, iafiaitely
long cylinders. The problam of doublas gscattering from finite cylinders and
spharoids has beea anialyzed; howevar, tha programmiag of the solutisa was aot
complatad.

A comparison of the rasults of scatteriag experiments conducted at
Fairlaigh Dickiason University with calculations from our Infiaite cyliander
code nas yialdad axcellent agreement6.

2. PERTURBATION THEORY FOR 3CATTERING FROM DIEZLECTRIZ SPHEROIDS AND SHORT
CYLLINDERS

The solution of Maxwell's equation fac tha scattering of a plane wave from
aa isotropic and non-nagaetis medium can be  expressed by the
intagro-differeatial aquation

- > > > > 3 mz‘l exP(ikOl;'?' D Fe
E(r) = E_ exp(ik .r) + Vx Vx J d’r’ - E(r")
(o] o 4T l-b -»,l

r-r (1)
2 > &>
- (m"-1)E(r)

whercea E(;) is the elactri: field far from the ascatteriag 1nedium, <y is the
propagatlion wvector of the facident wava, and a is the ladex of refraction of
tne scattering medium. By expaanding the VxVUx tera by vectar 1{ideatities tiais
ajuation reducas to

I SN A TR TR A SRR A o 2N ) % Cwy N s B " LIS | -.-'.
TR e ('n!"s_ Q.\«\;.‘-‘.::.‘ _ 3 ' WM. a"\h'd ‘ IRLNE

~

St




WF: ( ' 2
& > exp(ik,|r-r m -1
»'.: E(;) =t exp(iic) or) + (grad div + kz) | d3r’ LALLY D! }E(r') (2)
N o o o’ | + > | 47
. |r-x')
‘.q'
i:‘
£
‘&“ e Shifrins appraach to solve this squatioa is to estimate the £ field
WO ingide the target nedium and use this as the start of in iteractiva approach.
A In fact, ia the Raylaigh-Gaas-Rocardi approximatioa oane uses the sxternal plane
- @ave for tne intarnal field. Acquista's exteasion? of Shifria's approxinations
*:i";;i begins with 2a more realistic choice for the lowast-orier approximation ia the
4 intaraal field, namely, the 1iaternal solution for an iafinite Jdialectric
Y cylinder in unifora alactrostatic fiald. We adopt this general approach ia our
o liader § if 1 ic Eiald. We ad hi 1 hi
.)- work; nowever, we first aeed to modify the approach for the case when the light
ey is 1lacileat oa the cyliader from aan arbitrary iirsctioa. The solution iaside
. the cyliader 1is takea td be
, _‘_‘-.(
T3
AR
i E () = A E . () 3
ke i ij Feery (T )
a0
,:,vz, where Egge i3 the =offective polarizing field inside the cylinder. The
:,:::.“ polarizatioa matrix is
s
"
: ::{[ aTE 0 0 \
Ty - )
}". A 0 e 0 ,
L 4 )
1 0 0 amJ
¥ '
)"!\"'
oy The first-order iterate solution is found to ba
L
SN
.\ ( ko ) A A
*(1) ~+ exp (ikor 2 ” ~ ~
2 ——— - j + 5
» N Eef’t." (r) r kou(kor ko)[(onlll M Eoyljl) ATE Eozlkl ATM]J. )
)
o
:n '~:
ALY for the elactric field in the far field. The derivation of this =2quation i3
_ detailad ia Rafarence 3. Here %, is the propagation vaztor >f the iacideat
CN wava, and the s3ubscript L means oaly the portion >f the vectdr perpeandicular
[ $j to tne Jdatactor direction i3 to be takan. The pupil funztioan u is tha Fourier
i.j-’: tcaasfora of
.'(L:.'-:
o (1 tnside the cylinder
3‘3 J(e) = J,
;,::,.' { J outside tha cylindar
':N.
;::o"c
8




3 > -+ >
u(x) = J d7r' U(r') exp(iXe-r')

2wazh sin(Xll h/2)J1 (XL a)
(X“ h/2) (XJ_ a)

whera a ls the radius of the cylinder, h is the lanzth, X=k ;-? , and || and Q
rafer to the cylinder axis. (see Figura 1 of Referance 3).

Tha second-order approximation is found to pe#

> - 2.2
u(p+k 1) > p +k -
O - 2o e S uk) - [ ; °}‘r1 - Gehy D)
(2my© ) p -k
->
whera the vactor F is dafiaed as
AR R
Ay Eoxall * Eoyrdy) * 21y Foziky )
2 2

arg Fpe * 2

The exact determination of the polarization natrix A i3 found by solving
the alactrostatic problam for a dialectriz finite cylinder in a conscant
alactric fiald. This problam does aot admit a closed analytic solutlon. VJa
nave shown, howevar, that by wusiag the iafinite cylindar solution as osur
intecaal trial function, the iteration procedur2 coavarzes by secoad order for
agpact ratios rangiag from infinity to approximataly 20. For this raage, the
polarization natrix seems to vary oaly slightly as is shown in Referance 3.

Rewriting the first-order coantributlioa to the slactri: field wa g2t

> - +(1) exp(iﬁo.?) 2 ~n mz—l > ‘9
n, = et e s . -
ESC(r) E (r) T kou(kor ko) o )l(Al) L 9
here A, = —— i +E 30 +E .k
whers Ay 2,7 Foxa't ¥ Foyrdt) T Fozr*y -

Kl aeads to be expregaed ia the detactor frams (Fizurz 2 of Ra2fazrancz2 3) aad we
aeed the portion of A, perpendicular to the Jatactor.




‘ﬁ* (Al)L = Eo[(cose cos¢, siny cosp/2 - cosg sing, cosy) ;
Py L m +1
WAy - sing sing/2 siani + El(sin¢, siny cosB/2 + cosd, cosy) 57— 3
.yl m +1
15
o
,*ﬁ The iatensity for aa elactric field polarized in both the iaitfal
il and fiaal state i3 defined as
Y 22
;ﬂ 4 kor )
Y I = =2 |E -2 (11)
2 E)
g °

->
whara E % E(l) ia fiest order, and 2 is a uait vector ia the direction of the
final astate of polarizatioa.

e Figure 3 of Referenca 3 shows the ianteasity I; for scatteriag from 1a
) iafinita czylind=e. The solid <curve 1is computad froam first order and the
) ? crossas(x) are the rasult of the exact infiaite cyliader zoaputations. It is
S shown ia Refarence 3 that this excellant agraement is a coansequanczs of the fact
ri} that the first-order theory becomes analytically =qual to the axact iafiaite
%;j cyliadar results ia the limit of the height of the cylinder W + = .
33 Since our goal i3 to be able t> calculate the =ffact of aultiple
Jj; scattering, we 1lavestigated the ranga of zylinder paramsatars for which the
first-order solutions, whizh are analytical solutioans, convargzed. Convarzence
a was assumed when the secoad-ordar iteration differad from the first ardier by
DY lass tnan 1%. The rationale for tals approach is that the first-order solution
;g{f raquices far la2ss thaan 1 second to comput2 aa 2atire scatteriag distribution,
o whereas the second-order <calculation rzquiras about 20 miautes froa the same
::y} distribution oa the Perkin Elmer 3239. In aultiple scattaring whera the
) scattering geometry 18 saverely complicated, the coabiaation of the geometry
e aad the secoad-order calculations would makz the computations iampractical.
P .,
NN

. Iha results of our investization show that the first order is witiia 1% of
t&- the 3acond order as long as the aspect ciatlo is 20 or greatar, and the phase

s shift § = 4mwla-1la/A 1s less thaa 2.

Xa

~ The scatteriag cona, charactaristic of ianfiaite cyliaders, 1is shown ¢to

- diffuse 1s the aspect ratio dacreasas {se2 Figuras 4, 5, 5 and 7 of Refareace
3).

3. 3dORT DIELECTRIC CYLINDERS

The aext step i{a our program iavolved the study »f short cylinders, with
aspect ratios a2ar uaity. The Shifria perturbation theory® calia2s on a
r=asoaably accurite determianatioa of the alactrostatic polarizatisn natrix.
Thouzh known for the 1iaflaite cylinder which we have shown works r=asonably
well for cylindars down to aspect ratios of 20, it is aot availabla for filaite
short cylianders. Aa ggve used a mnethod for fiadiag A by a3 ta2chaijua sutliaed
ia a book by van Bladel!



The alactrostatic potential ¢(to) inside the cylinder is related to the
surface potaatial as

ds (12)

2
2 - m -1 >
m ¢(r°) = ¢°(r0) - § ¢(r)

2 |
o (7]

where ¢° is the ambient potantial, the iatagral i{s over the c¢ylinder surface,
and 3/3a 1is the outward normal gradiaat to the surfaca. It follows that the
2lactric field iaside the cylinder is

- - 2 ]
2 m -1 - 3 1
= Ve
m” E(r ) E, + =7 §¢(r) \3n !r_r } ds (13)

(o]

whera Eo is the ambisnt elactrostatic field. This internal fiald is relatad to

the alactrostatiz polarizatioan mnatrix as

4

- )
B ' = a 1 '
E (e Aij 0 2xp(ik r')

aad w2 are led to the following =quation for the matrix elameats:

2 -> > .
2 m°-1 > 3 (T-r )i ,
a5, = By ed I 5500 (e
s) llr-rol

whara App * 340 = a, and Ay = 23

Therafore, the matrix A Ls known if w2 know the surface potantial, ¢ and
it is deteraminad from the a2quation

1| <
5| ds (13
r-r_|

S

2
> - 2 = m -1 _ 1 é 3
¢(rs) B m2+1 ¢o(rs) - m2+l 27 ) ¢(r) an

-
whara g is oa the cylindrical surface. We solve this egquiation by 1in iteration
procass starting with & = b, as the first 3uess. Jonvaergence o2curs rapiily
foc an fadax of rafraction of 1.33 whera only two iterations arz necessary.

e rasults for the 2lemants a and  aqy 2ar2 3iven ia Figure 7 of
Refacence 4 for ispect ratios h/2a = 1/2, L 1ad 5. The values ar2 ziven along
the syammetcy axis, but they ara siailar along a perpeadicular axis.




..‘ié‘.’
.';’ L.
{53 It 1s obsarvad that for an aspact ratio of 5, the elements ara quite
)4& constant ia tne central ragion of tha cvlindar with values a2ar those far an
§$§ iafiaite cylindar. The values of the 2lemeats decrzase near the 2nds. The
) sam2 genaral varilatioa occurs for the other aspezts ratios.
1.“'!
1
iy ¥
::,:u 4. THE DLELECIRIC SPHERILD
! The dielactric spheroid provides us with ona of the very few Gzases for
?V whizh exact solutioas axist? and thus allows us to evaluate properly the
. § accuracy of the Shifrin approachs and the rangz of coanvargzeace of the
& ! expaasion. For the spheroid, the pupil function a is well xnown, aand it has
re the forms
et
N - 2 2
T U(p) = V £4 af[p” - ¢ QL] prolate
it
154
i (9
AP
' 2 2 .
'$§ U@ = V¥ { alp” - ¢ p“ ] } oblate
t'“l
LY
368
éﬁj + where p and p, are tha compoaents of B perpeadicular aad parallel ¢o the
f} syametry axis of the tarzaet, a i3 the sami-major axis of ellipsoiial :ross
- saction, € is the sccentricity, v is the volume, and

o
o 3
728 f(x) = 3[sin(x) - x cos(x)]/x
¥/

3

0.‘1"
b The alectrostatiz polarizatioa matrix is also well known, and its elaments for
;j, a prolate spheroid ara
g

'
o 1
a =

s ™ n? - smP-1) [(A-§2)coth 15 + 51
lg}'

‘ "
%« (7
M, 2

e arE

2 + 6(m2—1)[(1-62)coth—16 + 81}

LA ¢

e e
}‘ X a8

For an asblate spheroid, the 2lameats arz

]

vg g8
o

B "-"6‘
e s LY
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1
vy a = ~
S ™ {a? - s@P-1) (14D coth s - 61}
B aw
AN
a = L
(NI _
b TE {2 - smE-1)[(+6Heot™ls - 67
k)
fy{ whara § = % . The scattering amplitudes calculated ara
A0
A
2 2 2 2
k r k™ r
I = 3 |Esc'2 I |Escl2 (19)
E P=0° E Y=90°
(¢] o]
-+ *>(1) 2_(2) . . O+l
whera Esc(r) aEeff (r) + a Eeff (r) ’ a 4

¥

The rasults ares compared with the exact calzulation of Referance 3 and
appear in Refarsace 4 as Figures 2 throuzh 4 for the respective aspect ratlos
1/2, 1 (sphere), and 5 taking the iadex of refraction a = 1.33. The incijent
by cadiation lis aloag the symmetry axlks (B/2 = Q) and ¢1 = J). The wave nuaber
Xo = L ™+

X
.

2
b
9!

x

te In these thrze figures, the sacoad ordar produces at most a 29 corraction
:{\ to the fiest order and i{aprovas agraement with the exact rasults. The
;j\ agrazment 1in all these casas 1s excellant. For the largest spheroid chosen,
;}% fizuce 3, the quaatity S = ko(m-1l) = L whera 2 13 the 3pheroidal parameter,
“ g = /a2-bZ, Coavergence will be faster for 5 { L and it will be slower for S
va greatzar than l. A rough liait oa the useful convergeance of the expansisa (s
Y 3= 2. It should be noted that this criterion for coavargence applies only to
?ﬁﬁ the 3hifrin technijue of startiag from the alectrostatic liait.

g

At 5. COMPARI3ON OF THE FINITE CYLINDER AND 3PHEROILD

gk

i ﬁq ' The amplitudes 1y and I are evaluatad  usiag the elactrostatiz
; o polarization matrix elaments of the short cylindars. Thase rasults for the
g\‘i fiaite dialectris cylinder arzs plottad in Figures 2 through 4 of Refarenca 4 on
) : whizh the values for the spheroids appaar. 1In each case, the aspact ratlos and

volunes of the cylindar and spheroid are the same. For thesa cases the
diraction of {facidence 1is along the symmatry axis, and we aote that the
cylinder and spheroid give remarkably similar scatteriag patteras for the
aspect ratios 1/2 and L. On the other hand, the cylinda2c with aspect ratio 35
scatters mora radfatfion at large scattering anzgles than its gpharaid
couatecpart. The 1inda2x of refraction i3 l.33 to comparz with the results of
Raferenca 3 (as i3 the selection of s3catteriag amplitudes shown 1a these
figures). Tha =2ylindrizal rasults ara shown as dashad lines when they ara
iifferent from the sphecoidal results (30iid lines). The open circles shown in
these figures are exact results. The wavelength of iacident radiation is 2mm.
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In Figure 2 of Reference 4, aa oblata spharoid apd ecylinder of aspact
ratio 1/2 are shown, each with a volume 3.22 um”. Ia the perturbative
calzulation the sacond~order correction 1is genarally about 26% for both
tarzeats. We 922 that the scatteriag pattern for the amplitudes I_ and I_ ara
naarly the 3aame. 1 2

Figure 3 f Referance % compares the cylinder with a sphera =2ach with
volane 4%.l9um™. Here, the second-order correction is generally about 22%, and
the ragults for the cylinder differ noticeably with the sphere at the larger
scattering anglas.

Figures 4 and 5 of Reference 4 show the respective amplitudes I; and I,
for a1 prolate _spheroid and cylinder of aspect ratio 5. The volume of each
target is 4.3lpm3. The second order correction hara is about 25Z%. In these
cages, the cylinder scatters light quite differently at tha larger scattering
anglas. A resonance at about 100° appears for the spheroid in the amplitude I
but does aot appear at all in the correspondiag cylinder. 2

Figura 3 of Refarsace %4 depicts the amplitude I; for {iacideace
parpendicular to the axis of syametry (8/2 = 90°, ¢, = 9°). Two targets ara
shown, one with an aspect ratis of 2 and volume l.SZums, and the other has 1aa
aspact ratio of 5 and volume 4.3lum3. The secoad-order correction far the
first is about 207 and about 26% for the loager target. We note that the
rasults for the cylinder diffar appreciably from the correspondiag sphearoid
only for thne largar aspact ratio.

5. ANGULAR SCATTEZRING DISTRIBUTIONS B3Y LONG COPPER AND 3RASS
CYLINDERS: GSXPERIMENT AND THEORY

Experimsental measuremaats of EM radiation szattered by 1long copper and
brass cyliaders wera performed ia the IR spectra ranza (A = L.26um). The
cyliadars wera oriented assantially normal to tha scatteriang plane. Thuis work
was done at Falrleizh Dickinsoa Uailversity by Tomaselli, Moeller aand Colosi.
42 havz takaa the results of the meaasurements and comparad them with the theory
for iafiaite tilted cylinders wmodified for relatively large 1indices of
crafraction. The far field scatteriang of infinite tilted cylinders is givean by

[ 4]
.2 "2 2
I, o ‘bol +2 ] b sin(ne )| (29)
o n=1
0
- - 2 ° 12 721
Iz In k_mr |2 L *ar sin(ng") | (L)
2 5 2
- 2 ' "i 22
Ly kT Zoll + |2 nzl a1 cosmé ™) )




The first iadex in I; refers to the polarization of the incidence Llight
ralative to the iacidant plane, and the second-polarization of the scattered
lizht relative to the scattaring plane. For detailed definitioas of the
incideat and the scatteriag planes, see Referance 9. 6' is the scattaring
aagle and b,; can be raduced to:

L 2 L
L A+ B - w0 @] B () - O (@) 2%
nI ] 2 . ]
AHn(OL) + [BHn(oc) -m cnn(a)][- BHn(a) - CHn(a)]
—”']2 @D @IZ® 3 B=23 @ ;  c=2233e) ;
whara A = %) m -~1) al H = 23 0 H n H

1/2 _d
)

h=sing ; L =cos¢p ; j= (mz—sin2¢) i B o]

Ja{a) and Hp(a) are the Bessel and Hankel functions of order n; o = 2macos¢/A is
tas "tilted" size parameter (a 1is the cylinder radius, )\ th2 incident

wavaleagth and ¢ is the tilting angle); = is ths zomplex rafractive index. The

infiaite sums in equations (20)-(22) can be truncatad a faw terms after the

order eaxceeds the "tilted” size parameter, siance Jp(a)+0 for >0 {na, a

large). For axample, it is generally agreed that for a2 > 1 the number of

tecms in equations (20)-(22) is of the order of N=l.20+5. Therefora, when m is

large (i.e., m > L0), the argument in Ja(B) satisfies for all b,y ia (290),

8 >> a. OJr

}1/2

2
B v [

-1
w5|  [eos(® - F5 - DI+ 0(l8] ™)} (24)

For copper and brass cylinders @ = 12-601i and 5.3-291 raspectively (see below).
It follows that for any size parameter o = 2macosd/A larger than 1, Im(B) be-
comes so large that J,(B) camnnot be calculated siace it coantains the term
exp {Ia(B)}. Hence, in order to calczulate the scatteriang functions for those
matarials, the expression for b,; has to be modified:

dividiag Equation (23) by B2 wa zet

A3 @+ 13 -a’ £1 @I- 8@ - SH @)
- B (25)
bnl A 2 C C N
;7 Hn(a) + [H;(a) -m g Hn(a)][— Hé(a) - g B ()]
The ratlo C/3 i3 the oaly term coatalaing Jy (8) and J{(8):
Eiéiil (2%)
BT _® )
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taﬁ: for large values of B, J/(B) can be approximated to
Rty
1/2

e 2 am T
k g ) - [&- v _D
IR R R
YR
3 3 ¢ L <0
LA = F A iy (@) <0
S

lﬁﬁ We note that for @ + w, bgy reduces to the kaown ratio b, * J (a)/d,(@).
_}Q Similar expressions can be derived for &,;r. Whea the cylinder axis is not
; 13 perpendicular to the measurement plane (sees Section 12), the scattering
o intengsities calculated by Egquatioans (29)-(22) will have their wmaximal
.~ intensitias within the envelope of a cone formed around the cylinder axis. In
@“& the eaeveat that the ¢tilt angle between such a cylinder aad the iacident
ﬁp& diraction is ¢ = 0, the scattering plane will form an anzle ¢1, relative to the
:dk' @measurement plane.
w’..c5
el The comparison betwean theory 1and experiment for ¢1 = 0 then becomes
ey dapandent on the opening angle of the light source and its cross sectional
N\ variation of ianteasity (usually gaussian). Here, we discuss quantitatively the
‘i.E case of $; = O (copper), and qualitatively the cattering from the brass
i:& cylinder for which ¢; # O but ¢7 X 3°.

J0¢ )

'kt.’,f
o 7. OPTICAL CONSTANTS OF TARGET MATERIALS

Ky X
1 ”
5 Y fne optical constants of several anetals Efrom infrared to far-iafrared
{ G wavelangths have receatly been tabulated by Ordal, et al10 Both a and % are
E rapldly increasing functions of wavelenzth in the infrarad cegion. For pure
o copper at 10.6um, representative values-are n = 12 and k = 60. The brass target
;%v wire used has 2 Cu/Za ratio of 70/30. For ametals at low freaquencias, the
;?ﬁ| optical constants can be approximated by
N
? d
“
o

n ¥~ k = /i/(Zweop) 271)

“Juﬁ.
Il‘l‘

whece p is the static resistivity, w is the angular frequency, 1ad €, 1is the
peraittivity of free space. Sinca the resistivitiess of metals and alloys are
aasily found, we used the above approximation together with the tabulated data

| 52

i:ft for p to obtain the optical constants. The rasults for brass at 10.5u1 is
*S 0-303 andk-zgc

qe

[}

& The experinental Jata were takan for wires of various sizes. Figuras 23
: and 3a of Refarance 6 reprasent the angular scatteriag rasults from copper of
e diameter 242ym and brass of diametar 150um, respectively.
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5O) 3. RESULTS AND DISCUSSIONS

The theoratical calculations for the copper wire (a = 121lm) show that the
general angular scattering as well as tha ascurate angular values of the maxima
and ainima are predictable by means of the iafiaite theory. This Is clearly

0 f shown in comparing the experimeatal with tha theoratizal results in Figure 2 of
§§$ Refarenca 5. The azcurate match shows that the experiment was performed {n
uw, .

ﬁﬁg such a way that tae scatteriag pline and the measuremeat plane coiacided to

perait the aagular measursments in the 3ame relative units. It is important to

. note that the general behavior is very sensitive to the sizs parameter and

il therefore provides an accurate method for the datermination of the size of the

q scattaerer. dowever, the scattering intensities of the differeat metallic

cylinders are relatively iasensitive to changes in the rafractive index. This

ih: suzzasts that many properties can be approximataly derived by inserting m >> 1
) in the scatteriag equatioas.

%3% In the case of the brass cyliandar (the sxperimental rasults are given 1ia
AQ Figure 3a and the theoretizal results 1ia Figura 3b of Refereance 5 the
EQV scattering angles for which maxima and ainima occur can be predicted, but the
%5, genaral benavior of the experiment (a decreasing anvelope) is differeant than
L the theoretically predicted 1increasing envelope. Howaver, the theoretical
20l pradiction was calculated for a gscattering plane that is perpeadicular to the
:“ cylinder axis. Ia the eveat that the wire i3 not perpendicular to the
5“$ measurement plane, having an orientation angle of {n/2 - ¢), the scattering
:}u, direction will be tilted relative to the measurement plane with a varyiag tilt
;hjg angla agaiast the scatteriag angle.

o . As can be szen ia Figura 4 of Reference %, this varying angle reaches its
:\a: aaximum at 9 = T/2 where 1t equals $. More specifically, denoting the measured
’ ¢3 scattering aagle by ¢ and the varying tilt aangle ¢', wa zet
[} g‘

* tan ¢' = sin 0 tan ¢ (2%)
i

3?( The larger the angle ¢' 1s, the legs is the overlap between the scatteriag
V“ﬁ plana fiald at view (FOV) and the measuring plane FOV  resulting qualitatively
{%_ in a1 zeneral Jecraase of the scattering inta2asity with fateasity increasiag in
= the iaterval 9 < 6 < m/2.
i
:23 _ Whea ¢ = I, the scattering angle must 1also be modified. Denoting the
yx£ scatteriag angle in a plane perpandicular to the cylindar by ¢', the following
:&j r2lations nold (sees Figur2 4 of Rafarance %)
LY

1
T?a sin ¢' = sin 0' sin ¢ sin 8' = cos o' sin 8
hhe i cos ¢
ight
L4
'i
‘l
pe As statad ia che saction dascribiag the 2xperiment, the orizatation of the
= wira is uncertala to withian 3°. Thus ¢ § 3°, and as o' { ¢, the deviition
iii betwaen 8' and 9 is less thaa the izcuracy La the ameasureament of the scatteriag
tg* 1agle (= 4.3°). Thaerafora, this 2ffect was not included in the =alzulatioan.

A
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gsé' 9. MULTIPLE SCATTERING
ﬁ&, As a first stap to a more complete dascription of the aultiple scattering
}ﬁk process wea aave undertaken to describe the double scatteriag process {a 1as
complata  Jatall as possibla. The geometry of the double scatteciag process
8 from noan-spherical particles 1is particularly complax, however, oace the
BTy z2onatry [s worked out, the transformations necassary to consider hizher order
ggf scattering ara of the same form as the double scattering case.
,'f
&35 de have traatad ia detail the double gcatteriag process from ({nfinitely
long randomly orianted cylindars. We have used the sxact i{anfinite cylinder
AR solutions so that the cyliandars may be of arbitracy dJdiametar and arbitrary
%13 landex of refractioa (both real and coamplex).
b~
;4;3 The ge2ometry for calculatiag the backscatteriag of a lidar signal from an
G aarogsol layer coaposed of randomly orizatad long cylinders is similar to the
geomatry described in Raferenca 1. Two FOVs ara of interest - the laser FOV
Ron, contzialag the illuminated wvolume and hence the €first scattecer and the
1,00 tacelver's FOV coatalniag the sacoad scatterer. As described in Rafarence 11,
&ﬁ' the 3zecond FOV i3 assumed t> be larger or equal to the laser FOV (s2e Figura
“_&’ L).
S
. The ierosol layer i3 assumed to have a coastaat aumber density, i{ts base
ii}: beiag 1J00m apove the lidar. Since the laser pulse width is of the ordar of
:xk 130 nanoseconds the spatial resolution is approximately 15a. Consequently, the
Skb aptical iapth steps were basad on the product of the extinction =z2ross-section
,;ﬁ of 1 typical scatterac avaraged over ill possible orientations, and the number
HY density multipliad by 1l5a. Refereaca 11 deals with a ziven size distribution
. of gspherizal scatterers. Here, we deal with long cylinders randomly oriented
ey in spacez but having ona given size.
Sk
'EH In order to calculat2 the sum of all possibla double scattering events
b.} casulting 1in 3 simultianeous signal in tha ceceiver, a statistical approach i3
> asad.
,3&ﬁ Iwo randomly chosan scatteriag positions faside the zloud [callad A (the
\a# lowzr poiat) and 3 (the higher point) in the following analysis] are determined
?g& by the computer. The first has the constraiat of being withia the telescopa
A POV. Aa additional coastraiat requires that the sum of the distances froa the
O source to A, A to B, and B to the raceiver be coastaant to within the resolution
n of the systam for simultaneous reception. In each position, it is assumed that
e all posslibla orieantations :zan be found; however, each orientation ia the first
f}ﬁ Llocation corresponds to one scattering angla pointing towarls the secoand
N location. This is due to the fact that the lizht scatteced by 2 unit leangth of
fzk the cylinder is limited to the surface of a cone bisad on the assumption
(u 20 neationed above that the scatterers are eaffactively 1{iafiaitae cylindars for

ispact ratios graatac than about 100 (see Rafareace 3 aad the discussiosa of
v Refarance 5). The scattering events A and 3 are showa ia Figure 2 with these
-{‘: two points chosen at raandom {with B higher thaa A by d=2flaition). The iacident
Ni' diraction \is %, , the flrst-scatterad direction is Zyp» and thea final scatteced
‘_-j direction s -z, - The refarance plane is formad by Zq and Zp The incident
iﬁ #ave danoted & , and its diraction of polarization makes 1n angle, g, (relative
to the refaraace plane) as seen fa Figurs 2. The ingle batweea the z, 1xis ind
AB 13 2,, and we note froa figure 2 that
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: sin 2¢ = xo/RAB (29)

25 with x5 and R,p shown fa Figure 2, with 0 < ¢, < m/2. We will aext show that
z ' tae tilt angles ¢, and ¢, of the two cylinders arz the oaly orizntatisnal
v degrzes of freedom. Note that only those conas whos2 tilt angzlas da satisfy
) .

iy by > Oy can coantribute to the double scatteriag, as showa i1 Figura 3.

' Z

ﬂfw LJ. OJRIENTATION CONSIRAILNTS
k- 9]
’ﬁv We define the tilt anzle of a cylinder to ba the angle betwasn the axis of
{" the cylinder and the incident diraction of the 1light (the Z -axis) - these
% aagles arz denoted ¢, and ¢ for the two cylinders as shown ian Figure 2, 3nd
A B
0 <¢<m.
gtk - -
%p: First, we nota that for the section of 3 cone showa ia Figures 2 with apex
%.f angls ¢,, 2¢ _tne anzle between the extrame a2la2meants of the saction, and eA the
$f< polar angles it the basz of the saction
oy
s = 30
D j sin ¢, sin(eA/Z) sin ¢_ (30)
199
’&: Tais ralation holds for the first conic section at the point A in Figure 2.
{wﬁ The corresponding relation far the conic section at the poiat B is
! ‘.: 1 = 3 I.
g{b sin ¢, sin (63/2) cos ¢ (3)
» R
5, [a the following discussioa, we use a sat of orieantation anglas g, v 30d vo.
All of thess ara measurad by a counterclockwise rotation from the rafarance

M plane. Ta Figure 4a, the ualt vector A follows the direction of the  jaxis of

! the cylinder at point A with its orizia at poiat A. The unit vectocr B follows

the diraction of axis zAP. Using the frame of referanc2 x,, y,, 2 shown 1in
all

ﬁﬁ# tae figure, we have tha owing representations:
L

B ;

(s34

-> A ~
. = i i + k
; 5 A sin ¢A cos v, i + sin ¢A sin v, jo cos ¢A o
e
B = sin 26 i + cos 2¢_ k
7Y, B o O o o
L
ey
o
,j} The scalar product then yields
oy
:{J cot ¢A = gin 2¢° cos Y + cot ¢A cos 2@0
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j . cot ¢A = cot ¢o cos vy, (32)
~“ -

Cj?i-_‘ (Note that 0 <y <7, and since cot ¢ >0, whea v, > 7T/2 than ¢ > /2.
}z;' Therefors, of the three orisntation anglas for the ferst scattering avent (¢
‘:i the tilt aazle for the cylinder, 9 the scattering angle, aad Yy, the azimuthal
Bad angle of the cylindar axis as shown fa Figure %), there i3 only one that is

indepandant by the relationships of Equations (30) and (32). Similar results
hold for the sacoad cylinder.

Two additional angles ara raquired to describe the double scattering -
et angla betweea the first scattariag plane and the incideace plane for the secoad
scattering, and the aagle betwzen the secoad scittering plane and the iiraction
of iaitial polarization. These aagles ire e2asily determinad ia taems of the

L,f. oriaatation anzlas already discussed by first determining tha orisantations »of
3jj thase scatterinz planes relativa to the rafarsnce plana.
:ﬁﬁ Ia Figura 4b, tha angle Ya is the angla between the x5, axis 1ia the
S crafarence plane and the €first incidenca plane {the first {acideacz plane is
=1 formed by the ifacideat directign and the cylinder axis). We have already
P capcasentad the wunit vector A that is along the axis of the first cyliandar ia
k;{ teras of the frame x,, ¥,, z,, 3and it follows from this that the azinuthal
D angle Yy 30 be datarained from the ratio
3 *"_.;:
F- (s cot Y. = A /A
v A *s Yo
[ -
‘fﬂf The angle §y i3 the corrasponding azimuthal anzle in the frame Xags Yoo
iy zZpp» 3ad heace satisfies a similar expression ia this aew frame ([3ee Figure
! 4+b). These two frames of refarance are ralatad by a countarclockwise ritation
'¢§¢ of Xys Yo» %o through the angle 2¢° about the y, axis:
e
IR
N
ey ( AXAB \ 1 cos 2¢o 0 - sin 2¢o ] ¢ sin ¢A cos v, }
S t !
L Nt . .
Wy AY = 0 1 0 t | sin éA sin [y !
«*} ) | !
i i
by I . '
K | -
. Ajan l sin 20 0 cos 26 cos P, |
g
}t""
P
L It follows that
0
'Sy
o ‘: = = 2 - si 2 N 3 3
o cot 6A AXAB/AYO cos 20 cot y, - cot bA sin $0 csc v, (33)

Dy
Attt

»~
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A sinilar result holds for the orientation of the second scattering plane
{formed by the axis of the sacond cylinder aand the final scattering direction),
and this situation is shown ian tha Figuras 53 and 5b.

The n2xt section discusses the scattering intensities. 7We will need the
following angles to coaplate that discussion.

Angle from the {acident polarizatisa diraction t> ths iacidant plane
rotated about z in a couatarclockwise dirzction = v, - &

Anzle betweea the scattering plane to the sacoand incideace plane rotatad
about zpp = vg =~ 8 = Yo

Angle batwean the 3°con§ sbattering plane and the iacideat

polarization diraction rotated about - z, = - a - &g =-a - YR

A study of Figurss 4 and 5 should clarify these relationships.

Ll. DOUBLE 3SCATTERING INTENSIIY

The transaitted beam and the double scattering iateasitiegs ara axpressed
balow in terms of the mnodified Stokes vector. The transaitted beam is a
linz2arly polarizaed lasar beam with iatensity

Io = ([o, 9, 0, 0).

The iatensity of the lidar in the plana of polarization is denoted I1,, 2nd the
doubla scattering intansity components Igy , [g)) ars exprassad ralative to [,.
[n order to <calculate the double scattaring iatansitiss 12 the zzomatry
discussad above, the cloud volumes coantained ia the FOV aazles of the lasar aad
the receiver are divided ifato n identizal sub-volumes. The two s2attariag
avaats occur ia a given cloud layer of depth L, situatad at a1 haight H {abova
the lidar system). The doubl2 scattering intensity is zalculatad by adding the
fatensitias scatterad by all possible pairs of the two sub-volumes {onz ia the
transmitter and one ia the collactor FOV), €for whizh tha totil path langth of
the lizht aquals the average path to the top of the cloud layer iand back to the
lidar system (se2 Figura l).

The power scattaced at an angle 6, emerzing from a sub-volume AV,, s
described by the vector IA\S , ¢ ) relatad to> the iacideat light vector L, by
th2 3cattariag matrix for “ylinders (8 $), 1nd a rotational natrlx

C;iSYo - d) as follows:

AV
A

I (PA, ¢A) = P, (eA, ¢A)£z?((A - )T ;—— exp(~ ( a5t Roa) (35)
AB

with gcy the extiaction coeffizient. The scattering matrix Pcv(e, ) is

e AT N
S
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7 GENERAL GEOMETRY FOR DOUBLE SCATTERING OF LIDAR RADIATION
FROM A DENSE CLOUD OF PARTICLES.
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_)
d':;j'
o (M, M3 523 " P )
3o
& J P (0. 0) = Y, o Su1 =Dy
Jdg cy A’ YA
- 2524 28531 (Sy1 * 8330 (= Dy 2Dy
¥

4,
i
: ?,3 | g, 23 Dy *Dyp) (91 + S34)
L

lne matrix elemeats are ralatad to the cylindsr scatteriag amplitudes A1, A9,
A3, A& which are functions of the scatteriag and tilt anglas (Bas dp):

d
B -
‘:': I‘:sll AZEoH + A3Eo,z_
W
| Esl = AFoy *AE
e‘u - -
: : whara Eo and Es are the iagoiang and the scatterad waves, and
4
{0
Tl 2 2 2 2
lj- = - = . = . =
) M, A © 5 My = Ay M, |A3| ;oM = |4,
.11-.-
L S,, = Re(A, A%) ; S, = -S . = -Re(A, A%) ; S, = Re(A, A%)
3 23 el A3 7 5 B9y 23 2930 %31 173
S
28} % 2 (A, A%)
S,u " TSy T TR AP 5 Sy = - Ay Sy = Reld) 43
3
igvilg = * 3 = . 2 - *
N Dy = IgAp &%) 5 Dy = 05 Dy Dyp = ImlA) A3
W - - = *
| D23 Dyy = ImA; AY)
.
e
M whara A, = - A3. The rotation amatreix f(ﬁ) for the modifiad stokas vecztor is
o
_15‘,{
= 2 2 2
) [ cos B sin™g (1/2)sin"g 0 )
2 | 2 2
,3& | sin 8 coszg -~ (1/2)sinp 0
% Lo = |
>
EN l - sin 28 sin 2g cos 28 0
,;f 0 0 0 1
.-.".
IS4
8%
L2 Tine pathleagth for the lidar systam to ths flirst scattering sub-volume is
deaotad R,,, 1nd the pathlangth betwean the scattecriaz sub-volumes is Jenotad
LS RAB' Then, usiag the discussion of the 1last section on 3=20ametry, we 2an
§;$ 2Xpras3 the lateaasity of the scattered light after the doublzs scattering avents
W 19
|."v
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F AV, AV
Ai~ Bi
15(639 ¢>B’ eA’ ¢A) = z —2—_2—' exP[' c

Lo Cy(Rcy + RABi)]
ABi RBoi

(36)
« M-y pp_® NEP U 6,0y, -
Bi® cy Bij 'Bi Bi Ai" cy AijTAL Ai

where 0., is the extinction coefficient of the randomly oriented cylinders, F is
the lidar coastaat, Rppy i3 the distance between the two scattering sub-volumes
AV,4, 30d Rp,j are the distance between the sacond scattering volume AVgy 2nd
the lidar system.

Nota that R,pg > AR/LO, with AR the spatial 1lidar resolution, therefore no
siangular poiants arz preseat. The condition Rppj < AR/1J is regarded as single
scattering. The pathlength withia the cloud that does not includa Rppy i3
deaotad Rege The double scatteriaz geometry 1is discussed in the previous
saction. Ia ajuation {36) the summation i3 only over the pairs of sub-volumes
obeyiag

Rai F Rag; F Rpas = 2% (37)

Hera, R A is the pathlength from the 1lidar system to the Eirst scattacing
volume, and R is the height of the top of the cloud layer above the cloud base.
3iace the siza of the sub-volumes should be 1s small as possible ia order to
raduce averaging effacts, the summation over the aumber K of all pair (A, B8)
satisfying =2quation (3/) rejuires z2xtansiva computar tine for a casa of double
scattering. For this reason, a largze sample of 3(<< X) pairs of poiants are
chosan in sgix random steps (which determine the coordinates of the scatteriag
poiats A and B). Each szlaction places the point A ia the first sub-volums and
3 ia the second, and 2ach pair of poiants replacag a pair of sub-volumes. As
the total aumber of points N (not necessarily satisfying equation (37)) is
nown, the value of £ can be calculatad by means of the raandom prograam. Sach
paic of random points is checked to satisfy aquatioa (37) in the following way:
the ratio G = a/g, where a is the aumber of pairs coatributing to the iouble
scatteriag process, i3 recorded and therafors X = NG.

Ia addition to the six raadom steps which determine the position of
scattariag cylinders, Ya and vy, araz randoaly chosen froa whizh the scattering
and polarization angles are calculated as discussed ia the 1last gection. Ia
order to zet the dJdouble scattering intensity profile from the whola cloud, i
calculations wera performed for several lepths in steps corresponding to the 3
spatial resolution of a coaventioaal lidar system. In each stap, the whole
random process described above was evaluated chaaging the value of Rs in
equation (37).

Siaca eaxtinction aad multiple scattering 1intensities ara stroazly i
depandant on the aumber density of tha scatters, zalculations wera performed
for various relative densities, and the results ar2 preseatad as {atansity
profilas as a function of the penetration depth R ian the :zloud for various
: aumber densitiss (Figures 5 and 7).
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ﬁ 12. DISCUSSION

i The double scatteriag effact of randomly orieanted loag cylinders was
) calculatad for aumber densitias varying from 5x102 to 193 and shown ia PFigure
s 5 whare 0.2 £ T X 0.4, and for aumber densities 103 to 1.5x103 as showa ia
Soge! Figure 7, whare % < T < 9.5. In general, the behavior of the double scatteriag

pcofila as a fuaction of the penatration depth resemblas the scattering by
dease clouds of spherical particles. As can be seen in Figure 5, the double
scatteriag effect, for relativaly low aumber deasities i3 to produce a maximum
scattering layer which approaches the cloud base with an {acreased value of
aumber deansity. Siagle and single plane doubla scattering intensities are
shown ia Figure 3 for the aumber densities 500 to 1000 particle/cm3. The
double scattering readouts are obtained from the results shown ia Figure 5.
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[t is faportaat to emphagizas that the geometriczal approach discussed here
i3 the first such analysis to appear in literature. Mocra2over, it can be
appliad to other non-spherical particlas for which the scattecing natrices ara
axpressed la terms of 1 symmetry axis. For axample, this treatment is 2asily
axteadad to fianite cylinders by usiag the matrices developed in Reference 3.
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